2). These forces can be a significant fraction of the design load for the member and can also adversely affect procedures for assembly of the truss.
A number of studies have addressed the use of actuators in the structure to reduce the surface distortion due to manufacturing errors or other sources (e.g. Refs. 3-5). One conclusion of these studies is that many actuators are needed to reduce the surface error significantly (e.g. Ref. 5) . Surface errors and member forces may also be reduced, without resorting to active control, by imposing stricter manufacturing tolerances 0 1 1 members and joints. However, this approach increases manufacturing costs and may riot be capable of achieving the desired surface accuracy for applications demanding extreme precision. This paper proposes an alternate approach to dealing with the problem of manufacturing errors in truss components.
Errors in member lengths or joint diameters due to the manufacturing process are generally assumed to be random in nature. Previous studies have assumed probability distributions for the member length errors and used statistical methods to estimate the effects on surface accuracy and member forces (e.g. Refs. 1-3). The output from these studies describes the surface error and member forces statistically.
The present paper, on the other hand, assumes that it is possible and desirable to accurately measure the member lengths and joint diameters for a given truss. Then, for a particular arrangement of members and joints, it is possible to predict the specific set of surface distortions and member forces of the truss.
Then the obvious question arises as to which arrangement of members and joints is best. This paper develops a method for finding arrangements which reduce the surface distortion and member forces. Several numerical studies are performed using tetrahedral trusses with 102 and 660 members to demonstrate the effectiveness of this method. In most cases the errors are generated as zero-mean random numbers with a normal distribution.
In one case, the member length errors and joint diameter errors are taken from measurements of actual truss hardware. In all cases, the member exchange method finds new arrangements of members that greatly reduce the surface distortion and built-in member forces.
Tetrahedral Truss Geometry
The truss structure considered in this study is one that may be used to support a precision segmented reflector or antenna surface, and its geometry is shown in Fig. 1 . where z and y are the same as for the flat truss, r 2 = z2 4-y2, and f is the focal length of the paraboloid. The 2, y, and z locations for the joints on the convex bottom surface are obtained by requiring the lengths of all members in the core to be equal. In the resulting reflector geometry, the nominal lengths of of the members in both the top and bottom surfaces vary slightly from one another, with some repetition due to the hexagonal symmetry. This variation in member length significantly limits the number of members having a given nominal length, and hence the number of possible member exchanges. When the members and joints all have their nominal dimensions, the truss has this ideal geometry, and it is assumed to be stress-free. Deviations in member lengths or joint diameters from this condition cause distortions and residual forces to develop in the structure. In this study it is assumed that joint diameter errors can be directly translated into equivalent member length errors.
Calculation of Surface Error and Member Forces
The truss structure (see Fig. 1 ) is assumed to support a reflector surface at its upper joints. This surface is usually required to be paraboloidal or possibly flat. Due to the member length and joint diameter errors the surface will be distorted from this ideal shape.
A commonly used error measure for the distorted shape is its best-fit root-mean-square (rms) deviation from the ideal shape which is defined as follows herein.
The best-fit surface is defined as the surface for which the mean-square error between the distorted truss joints and the ideal surface is minimum. In determining the best-fit surface, the ideal surface is allowed to translate along the z axis and rotate about the z and y axes relative to the distorted surface defined by the structural joints. The finite element analysis, based on small-deformation linear analysis, solves the system where u is the restrained motion due to member length errors and f is the set of equivalent member forces that simulate the effect of member length errors. The contribution of the i-th member of the truss is a pair of forces colinear with the member of magnitude where Ei, A ; , l i , and e; are the member Young's modulus, cross-sectional area, length and length error, respectively.
The vector of upper surface joint displacements normal to the ideal surface is obtained by substituting the solution to Eq. (6) into
The matrix T extracts from the components of u at each joint in the computational coordinate system a displacement normal to the undistorted surface given as I (9) w ; = t;u where wi is the normal displacement, and u is the vector of displacements in the computational coordinate system. The components of the vector t i , the i-th row of T , are all zero except for the three direction cosines of t.he surface normal for the i-th joint at the appropriate locations in the row. Then d,,, for the distorted surface can be calculated using Eqs. (8) 
and (3).
The member force vector, s , is also of interest and can be calculated using the solution vector, u . For the member forces a measure of magnitude is s r m , defined as 
Member Exchange
Once the members of the truss and its joints are manufactured, an initial configuration corresponding to a particular placement of member and joints is selected. The initial configuration is defined by a set of member and joint errors with corresponding normal displacement and member force measures, d o r m , and s , , , , , respectively. A compromise objective that combines distortion and member forces is selected as
The value of , B can be selected to emphasize either low distortion or low forces or some compromise between the two requirements.
The objective function is then reduced by a binary or triple inember exchange algorithm. The binary member exchange algorithm takes the following form 1. Select a minimum acceptable objective function improvement fraction S (per iteration), to invoke a member exchange.
2.
Start with the first member.
3.
Calculate the change AJ obtained by exchanging the current member with other members (starting with the first) until an exchange is found that results in ( -A J / J ) > 6.
Execute the exchange (if any).

5.
If not at the last member, tilove to the next member and go back to step 3.
6. If at the last member, check whether the total number of iterations is exceeded; if yes, stop.
7.
If the total niinil)er of iterations is not exceeded, reduce R arid go to st.c:p 2.
'rlie binary c-xcliangc-strategy i s riot guariiritcc~tl to lead to t.lic I i i i i i i r t i i i i i i . IIowev(*r, increasing the number of members involved in a single exchange improves the chances of locating the minimum. When all members can be exchanged at each step the minimum is guaranteed to be found in a single iteration, but the number of exchanges that is considered in that single iteration is the factorial of the number of members. For illustration the Appendix presents a simple system where no binary exchange can improve the objective function but a triple exchange can reduce it to almost zero. Accordingly, a more expensive triple exchange was also used for some examples. The triple exchange algorithm follows the same procedure as the binary exchange, except that in step 3 above, the current member is matched with all combinations of any two other members. Of course, a triple exchange algorithm still does not guarantee that the absolute minimum of J will be found.
Efficient Reanalysis
For trusses with several hundred members, the member exchange algorithm requires the evaluation of hundreds of thousands to millions of configurations. Therefore, a technique for the inexpensive evaluation of the effect of an exchange is required. Because the force vector f is linearly proportional to the member length and joint errors, and d is a linear function of f , where e1 and e, are vectors of member length arid joint diameters errors, respectively, and 
Direct Method
From Eq. (12) it can be seen that the i-th column in Ul is just the vect,or d when a unit error is introduced in the i-th member only. This vector can be calculated using Eqs. 26) is the scalar product of the adjoint field by the force associated with a unit error in the j-th member which is also equal to the elongation of the j-th member due to the adjoint load times the force in that member due to a unit length error. This may be written as (see Eq. (7)) where ex,, is the elongation of the j-th member due to A i and SA,, is the force in the j-th member due to Xi. Equation (27) implies that the i-th row of U can be calculated by applying the load z; of Eq. (24) and calculating the resulting member forces.
Numerical Studies
Several numerical studies have been performed to assess the potential for improvements in surface accuracy and member forces in tetrahedral trusses. Two-and five-ring flat trusses are considered with all members nominally the same length. A five-ring curved truss is also studied to assess the effectiveness of member exchanges for this case. Finally a study was performed using actual measured properties for a two-ring truss being built at NASA-Langley for an assembly experiment. In all cases all members have the same I where D is the reflector diameter and a, is the standard deviation of the error strain in the members. The second is a member force parameter defined as I where E A is the member axial stiffness.
I
Two-Ring Reflector Example
A flat, two-ring tetrahedral reflector truss was used as the first example. All 102 members in the truss have the same nominal length so that all of them can be exchanged.
The member errors were generated as a set of zero-mean random numbers having a normal distribution, and the joint errors were assumed to be zero. After some numerical experiments, an initial value of the minimum acceptable improvement per exchange, S , was selected as one percent and this value was reduced by a factor of three at each iteration.
The iteration history of d, , , and s,mS is shown in Table 1 for binary exchanges and in 
For C X R I I I~I C , f o r [j -
Convergence is achieved in six or less iterations, and for the first iteration almost all members are exchanged while in the last iteration typically only one or two exchanges are made (even though the minimum acceptable improvement is greatly reduced).
Five-Ring Reflector Example
A flat version of the 660-member five-ring reflector truss shown in Figure 1 was used as a second, larger example. All the members in the truss are of the same length so that in principle all of them could be exchanged. However, to simulate structures having different member lengths, in one case the members were divided into three groups: 240 in the upper surface, 195 in the lower surface, and 225 core elements. The first case considered, allowed any member to be exchanged with any other, and the second case allowed only members within each of the three groups to be exchanged.
A first set of member length errors was generated using the same procedure as for the two-ring case. For this example, only surface accuracy was considered (0 = 1.0). Because of the increased number of members only binary exchanges were considered. Again, 6 was chosen as 0.01 initially, and was reduced by a factor of three at each iteration.
The iteration history of d, , , is shown in Table 2 . Iteration history for a 2-ring, flat, 102-member truss (random length errors) using binary and triple exchanges Next, t,he case of exchanges limited to groups of members was considered. Seven iterations were applied to members in the upper surface, followed by seven iterations to members in the lower surface, and finally seven iterations to core elements. The results shown in Table 4 indicate slower convergence than in the case of unlimited exchanges. 
x
Also, the total improvement was a factor of 304. It should be noted that exchanges in core elements were most effective.
Better convergence was obtained when single iterations were performed successively on each group. The results, summarized in Table 5 , show an improvement factor of 324. The effect of changing t,he order of the groups was also investigated and found to be minimal.
To check the sensitivity of the results to the set of member errors, another set of errors was generated. These values are 37 percent lower and 13 percent higher, respectively, than the final values for the first set of errors.
Five-Ring Curved Reflector Example
This example is similar to the five-ring example above except that the truss is paraboloidal (as seen in Figure l ) with an f / D of the reflector defined to be 1.0. The main consequence of this geometry is that members of many different lengths are now present in the truss which limits the opportunities for exchanges. As mentioned above, the geometry is generated such that the core member lengths are all equal. Thus, the 225 core elements Table 6 . Despite the constraints on allowed exchanges, the surfac.e accuracy, as measured by drm, , has been improved by a factor of 557.
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Two-Ring Assembly-Experiment Truss Example
A precision, two-ring, tetrahedral truss structure (described in reference 7) is being built at NASA-Langley for use in an experiment on robotic assembly techniques for truss structures.
The members are constructed from 2m graphite-epoxy tubes with aluminum end fittings designed to facilitate the automated assembly process. During the assembly process, the member is connected to a joint assembly constructed from a 2.25 inch diameter (nominal), machined aluminum ball with attachments to accommodate the member end fittings.
The geometry is nominally flat.
Manufacturing errors arise from several sources. First, errors in the joint-balls occur in the machining process. Measurements of these balls showed them to be highly symmetric but with significant differences in the diameter from ball to ball. Figure 2a The built-in forces in the members are of particular concern in the assembly process because they translate directly to the force required by the assembler to insert the member into the structure. Accordingly, a value of p = .2 was used in the exchange algorithm to emphasize the reduction of S p m r over improvement in surface accuracy. Because all members in the truss have the same nominal length, any two members are candidates for an exchange. The iteration history during the binary exchange process is shown in Table   7 . 
Concluding Remarks
Member length or joint diameter errors in truss structures can cause significant shape errors or built-in forces in the members. The shape errors are of particular concern when the truss structure is being used as a support for a precision electromagnetic reflector.
A method has been proposed which finds arrangements of members and joints which dramatically reduce both surface errors and built-in member forces. The method uses a Table 7 . Iteration history for the two-ring, flat, assembly-experiment truss using binary exchanges. The member exchange method is demonstrated by application to several two-and fivering, flat and curved tetrahedral truss reflector structures. Sets of member length errors were generated as zero-mean random numbers having a normal distribution. For every example, the exchange algorithm was able to reduce surface errors and/or member forces by at least two orders of magnitude and in some cases three orders of magnitude. The curved reflector geometry results in truss members with many different nominal lengths. This significantly limits the candidate members for exchange with a given member. However, in a five-ring curved reflector example it was still possible to reduce surface distortion by more than two orders of magnitude. A two-ring flat truss example using measured data from available truss hardware was also considered. In this case also, the exchange algorithm was able to substantially reduce computed surface distortions and member forces. 
